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The nuclear spin-lattice relaxation rate at the V sites in CaV2 05 was measured. The relaxation 
rate (l/Ti) in the two-leg ladder was calculated with a strong-coupling expansion (Jx ^ J\\) 
and the result was compared with the experimental data. The comparison of the temperature 
dependence shows a good agreement and provides an estimate of both J± and as well as the 
energy gap A. The magnetic field dependence of l/Ti is also reproduced with this approximation 
in the temperature range T < A/4. It is found that the magnon-magnon collision, which leads to 
a diffusive behavior, is negligible in this temperature range. The effect of inter-ladder coupling 
is investigated and found to be weak in CaV205. Thus the strong-coupling expansion calcula- 
tion agrees satisfactorily with the experimental data, but a discrepancy between the exchange 
parameters deduced from the magnetic susceptibility and 1 /Ti is found. 
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§1. Introduction 

The discovery of high-Tc superconductivity in doped 
two-dimensional antiferromagnets renewed interest in 
quantum antiferromagnets. In particular, spin-^ two-leg 
ladder antiferromagnets have been extensively studied, 
being motivated by a theoretical prediction of the quan- 
tum disordered ground state with an energy gap and pos- 
sible superconductivity.^) Actually, the energy gap was 
experimentally observed in SrCu203.^) Moreover, super- 
conductivity was discovered in Sri4_2;Caa;Cu2404i under 
high pressure.^) 

The low-energy excitations in such gapful spin systems 
have not been fully understood yet. One problem is a sig- 
nificant discrepancy between the energy gaps determined 
from the magnetic susceptibility and the nuclear spin- 
lattice relaxation rate 1/Ti. For the two-leg ladder anti- 
ferromagnet SrCu203, 1/Ti suggests a much larger gap 
A - 700 K than A ~ 420 K by the susceptibility. 4) j^^j^ 

et al. surveyed the data of the susceptibility and 1/Ti of 
many gapful quantum paramagnets and pointed out that 
this discrepancy is observed widely in one-dimensional 
gapful systems such as Haldane-gap and two-leg lad- 
der antiferromagnets.^) Kishine and Fukuyama calcu- 
lated 1/Ti with the Majorana ferniion representation of 
the two-leg ladders.^) They found a dominant contribu- 
tion with three times larger energy gap than the lowest 
excitation and conclude that this is responsible for the 
discrepancy. Sachdev and Damle developed a semiclassi- 
cal continuum theory for one-dimensional gapful systems 
and obtained diffusive behavior in the long-time spin cor- 
relation.^'*) They showed that 1/Ti is not proportional 
to e~^/"^ but e~'^^/^^ at sufficient but not too low tem- 
peratures. The diffusive behavior was actually observed 
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Fig. 1. Schematic drawing of dominant exchange interactions in 
CaV2 05: solid lines for intra-ladder couplings Jy and J^, and 
dashed linos for inter-ladder coupling J'. 



in magnetic field dependence of 1 /Ti in the Haldane-gap 
antiferromagnet AgVP2S6^°) and another gapful system 
(VO)2P207.^^' These theoretical arguments suggest 
that the intrinsic energy gap is unique and that the dis- 
crepancy was observed because the data fitting was done 
at too high temperatures. 

The discrepancy between the energy gaps was also 
observed^'^) in another two-leg ladder antiferromagnet 



CaV20; 



14, 15) 



1/Ti at the V sites indicates activated 



temperature dependence with an energy gap of 616 K. 
On the other hand, somewhat smaller gap ~ 460 K was 
suggested from the NMR shift, although the data accu- 
racy was insufficient. 

In this compound, one 3d electron per V site occupies 
the dj^y-like orbital in a VO5 pyramid,^®-* which forms 
V2O5 layers. Dominant exchange interactions between 
electronic spins at the V sites are schematically shown 
in Fig. 1: two exchange interactions, J|| and Jj_, between 
corner-sharing VO5 pyramids form two-leg ladders and 
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Fig. 2. ^^V NMR spectra at 60 K. Satellite transition used in 
1/Ti measurements is shown by arrow. 



the other between edge-sharing pyramids is frustrating 
inter-ladder coupling J'. These exchange interactions 
form a trellis lattice similarly to SrCu203. Onoda and 
Nishiguchi reported that the temperature dependence 
of the magnetic susceptibility can be fitted well by the 
isolated dimer model with the intra-dimcr coupling ^ 
664 K,^^^ suggesting anisotropic exchange interactions 
near the strong-coupling limit {J± » Jy). Miyahara et 
al. compared the experimental data of the susceptibil- 
ity to quantum Monte Carlo simulations for the trellis 
lattice. They also concluded that CaV205 is near the 
isolated dimers: the intra-laddcr exchange along the rung 
is dominant J± ~ 670 K, and the others are in the range 
of < J|| < 200 K, and J\\+J' ~ 110 K. An ab initio cal- 
culation of the exchange parameters was performed using 
the LDA + [/ method. Their result that Ji_ ~ 608 
K, J|| ~ 122 K, and J' ~ —28 K agrees with the quantum 
Monte Carlo simulation. 

We report in this article 1/Ti measurements at the 
V sites in CaV205 with a powder sample. The depen- 
dence of 1/Ti on the temperature and magnetic field 
was measured in a wide temperature range to compare 
it to theories in detail. We calculate 1/Ti for the two- 
leg ladder with the strong-coupling expansion in §3 and 
compare the result with the experimental data in §4. We 
estimate the exchange parameters from the temperature 
dependence. Next we compare the magnetic field depen- 
dence and investigate whether the diffusive behavior is 
observed in CaV205. Also we examine whether the mag- 
netic susceptibility can be explained consistently with 
the exchange parameters deduced from the analysis of 
1/Ti. 

§2. Experimental 

The powder sample used in this study is the same as 
the previous NMR shift measurement. It was magneti- 
cally aligned and was found by an X-ray diffraction mea- 
surement that the alignment field (^?ai) was distributed 
in the a-b plane and mainly along the b axis. 



We measured 1/Ti by observing the spin-echo recovery 

of the third satellite transition after an inversion pulse 
with the magnetic field (H) along the maximum princi- 
pal axis of the electrical field gradient at the V sites. At 
the magnetic field of this satellite transition, shown in 
^^V NMR spcctra^^' in Fig. 2, the observed nuclear mag- 
netization recovery can be fit well by the analytical for- 
mula of the nuclear relaxation for the uniaxial electrical 
field gradient {rj = 0) without cross relaxation between 
the nuclear Zeeman levels^°) 
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We thereby obtain 1/Ti with good accuracy. At the 
magnetic field of the other satellite transition, the spin- 
echo signal contains signals of other satellite transition 
or for other magnetic field directions, thus the precise 
measurement of 1/Ti is not achievable. 

§3. l/T'i in Strong-coupling Tv^fo-leg Ladders 

In this section we calculate 1/Ti in two- leg ladders 
with a strong-coupling expansion to analyze the experi- 
mental data. Sagi and Affleck recently developed a the- 
ory of nuclear relaxation in the Haldane-gap antiferro- 
magnet, ^i-* which has an excitation spectrum similar to 
the anisotropic two-leg ladder near the strong-coupling 
limit. We here calculate 1/Ti in the two- leg ladder fol- 
lowing their arguments. Difference in the hypcrfinc in- 
teraction between the Haldane-gap and two-leg ladder 
antiferromanets, that is, the coupling of nuclear spins 
to the excitations is essential. Further, wc also calcu- 
late l/Ti for a trellis lattice including the inter-ladder 
coupling. 

In general, 1/Ti due to the fluctuating hyperfine field 



H'^^t) is given by 

where 7 is the nuclear gyromagnetic ratio, t^N = jH, 
{AB} = {AB + BA)/2, and (. . .)/3 is the thermal aver- 
age. Here we take the z axis along the magnetic field. 
For the magnetic nuclear sites, we can neglect the off- 
diagonal part of the hyperfine interaction as 

Whf = ^{I+S- + I-S+) + (3.2) 
then l/Ti is 

- = -^/ di({^+W^-(0)})/3e--*. (3.3) 

For the two-leg ladder antiferromagnet, the low-lying 
excitations consist of triplet "magnons".^'^'^'*) The main 
nuclear relaxation process is the scattering of a thermally 
excited magnon by a nuclear spin (the Raman process). 
These magnons arc not real bosons, since one cannot 
excite two magnons on the same rung at the same time. 



(3.1) 
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but at low temperatures T <^ A where the number of 

excited magnons is small, we can consider the magnons 
as independent bosons. Then l/Ti is 



k.k' a, a' 

/oo 
-oo 



-huj]ss)/h 



(3.4) 



where \ka} is a one-magnon state with momentum k and 
z component of spin a = —1,0, 1, and /3 = 1/T. 
We first consider the two-leg ladder 



N 



N 



H = ^^J^S^-S^+^ J\\{S^-S^j^'^+S^-Sfj^{). (3.5) 



r=l 



r=l 



in the strong-coupling expansion;^^'^^' S]: and are 
spin operators at the left (L) and right (R)-hand sites 
respectively on each rung r of the ladder. When ,/|| = 0, 
the system consists of N noninteracting dimers and the 
eigenstates are direct products of singlet or triplet states 
of the dimers. To the first order in J\\/J±, the lowest 
excited states are given by Bloch states 



1 ^ 



(3.6) 



where the rth rung is excited to a triplet with the z 
component of spin a, and have a cosine dispersion 



£k = J± + J\\ COS k. 

Then we obtain the matrix element 



(3.7) 



2Ar2' 



(3.8) 



and thus 



fe.fe' 



„ ^ . /efc -Ck' +h 
xzirno I wn 



(3.9) 



whore h = gfiBH . Since h ^ tiuJn^ the Zeeman splitting 
of the magnon bands is essential and Wn is negligible. 
Replacing the sum by integral 

1 f°° 
nT.--1 c^ep(e)..., 



we obtain 
1 _ttAI 



Ti 



/ dep{e)p{e + h)e-^'{l + e-^''), (3.10) 
Jo 

where p(e) is the magnon density. For the cosine disper- 
sion eq. (3.7), we obtain 



l_^iLe-/5A(i + e-^'') 



Ti 2TrhJi 

A-h/J\\ 



i: 



dx 



(3.11) 



where A = Jj_ — J|| . If we expand the dispersion around 
the band bottom fc = tt as 

e, = A+^(7^-|fc|)^ (3.12) 



where the magnon velocity c = y^A J|| , we obtain 

1 _ A\ 



Ti 2-kTiJ\ 



-e-z^-coshf i^o(f), (3.13) 

where Kq{x) is the modified Bessel function of the sec- 
ond kind. Troyer et al. obtained a similar result^^^ but 
its magnetic-field dependence is unrealistic because they 
neglected the Zeeman splitting of the magnon bands. 

Next we consider the trellis lattice including the inter- 
ladder coupling J'. We have to treat a two dimensional 
magnon dispersion. To the first order in J\\/Jj_ and 
J'/J±, the triplet magnon band splits into two branches 
asi7) 

e(A:_L, ^||) = J± + J\\ cos fcy ± | J'| cos ^ cos (3.14) 

and these states are given by Bloch states similarly to 
eq. (3.6). Then we obtain the matrix elements 

\{k',a',a+l\S^+\k,a,a)\' = (3.15) 

where k = {k±,k^^) and a indicates one of the two 
branches. l/Ti is given by 



^^(e-Mfe>«)+e- 

k,k' 



pe{k',a')+h) 



x2.?l^( ^(^'"^-y'"^^ + ^ -a;N), (3.16) 

and using the magnon density we finally obtain the same 
expression as eq. (3.10). 

For both the two- leg ladder and the trellis lattice, 1/Ti 
depends on not only the energy gap A but also the whole 
magnon density, thereby we can estimate the exchange 
parameters from the analysis of l/Ti. 

§4. Experimental Results and Discussion 

In this section we present the experimental results and 
compare it with the theoretical calculation. 

4-1 Temperature Dependence ofl/Ti 

Figure 3 shows the temperature dependence of 1/Ti 
measured with the magnetic field of 73 kOe. We observed 
activated temperature dependence down to 40 K. This 
clearly indicates the singlet ground state, and thus con- 
tradicts a /iSR measurement which suggests spin freezing 
below ~ 50 K.^^) This is most likely an impurity effect 
caused by incident muons. 

We first compare the observed temperature depen- 
dence of 1/Ti with a numerical calculation of eq.(3.11) 
for the two-leg ladder withou t the inter-ladder coupling. 
Using = ^{Al + Al)/2 ~ 5.9 x IQ-^ K,i6) we can 

fit the l/Ti data well with J_l ~ 655(5) K, J,, - 93(5) 
K, and consequently A ~ 562(5) K. This confirms the 
anisotropic exchange interactions J± J||. The cal- 
culated temperature dependence is in good agreement 
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Fig. 3. Temperature dependence of 1/Ti . Solid line shows a fit to 
the strong-coupling expansion eq. (3.11) (the cosine dispersion). 
Dashed line is calculated with the parabolic dispersion with the 
same J±_ and Jn . 



with the data except 35 K and above 150 K as shown in 
Fig. 3. At the low temperatures the deviation is most 
Hkcly due to magnetic impurities and defects. At high 
temperatures we expect that the independent magnon 
approximation is not appHcable. 

4-2 Magnetic field dependence o/l/Ti 

Figure 4 shows the magnetic field dependence of 1/Ti; 
wc found weak but clear dependence. We calculate the 
magnetic field dependence numerically with eq. (3.11) 
using the exchange parameters determined in the previ- 
ous section J± = 655 K, J[| = 93 K. This calculation 
agrees with the experimental data as shown in Fig. 4. 

Recently Sachdev and Dample developed a semiclas- 
sical continuum theory for one-dimensional gapful anti- 
ferromagnets.*^'^^ They considered magnon-magnon col- 
lision and found a diffusive behavior in 1/Ti. They 
found that 1/Ti cx e'^''^/^ not cx c"''^ at 'not too 
low' temperatures. They claimed that this 'large gap' 
3 A/2 explains the discrepancy between energy gaps de- 
termined from 1/Ti and magnetic susceptibility in one- 
dimensional gapful antiferromagnets. At low tempera- 
tures this theory agrees with the independent magnon 
approximation eq. (3.13) but at high temperatures or at 
low magnetic fields the effect of magnon-magnon colli- 
sion appears. We compare these theories and investigate 
whether the magnon-magnon collision is important in 
the temperature and magnetic field ranges of our mea- 
surement in CaV205. 

They obtain the dynamical structure factor for a 
parabolic dispersion e^; = A + (c^/2A)(7r — |fc|)^, 

<5=F,±(wn) = Y ^ |ln(i.tJ j 

+$2(\/^|?iWN±/i|it)}, (4.1) 



Fig. 4. Magnetic field dependence of 1/Ti. Solid line shows a fit 
to the free boson theory eq. (3.11). We take A ~ 562 K. 



where 



TA 

27rc2 



-/3(A-m/t) 



(4.2) 



and Lt = y/nPe^ /3T. The scaling function is 



-I- ■ 



{V4 + Tf + 2)i-VQ 



n 2 



+ ln 



l-FOV*2(0)]i[l-F*(f2)] 



2fl 



(4.3) 



vi/(n) 



(4.4) 



where 7 is Euler's constant. For the anisotropic two-leg 
ladder l/Ti is given by 



1 



Al 5±(wn) 



ih 2 

In Fig. 5, we compare the theoretical results for A 



(4.5) 



Jj_ - J|| 



562 K and 



229 K. The tem- 



perature dependence for the parabolic dispersion with 
these exchange parameters is shown in Fig. 3. Below 
150 K, the difference is negligible at the magnetic fields 
where 1/Ti was measured. At 200 K, we find a strong 
enhancement of 1/Ti due to the magnon-magnon colli- 
sion below ~ 80 kOe. From these calculations, we found 
that the independent magnon approximation is good for 
the analysis of our experimental data except at 200 K. 
Also we conclude that the discrepancy between the en- 
ergy gap deduced from l/Ti and the NMR shift reported 
in the previous measurement cannot be explained by 
this semiclassical theory. 

4-3 Effects of inter-ladder coupling 

We next discuss the effects of the inter-ladder coupling 
J'. We numerically calculate 1/Ti with eq. (3.10) in- 
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Fig. 6. Temperature dependence of 1/Ti calculated with the 
inter-ladder coupling J'. Solid line is for = 655 K, and = 

93 K, and 1 J'l = K, dashed fine for Jx = 667 K, Jy = 88 K, 
and I J'l = 100 K, and dotted line for Jx = 677 K, Jy = 81 K, 
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Fig. 7. Temperature dependence of magnetic susceptibility: solid 
line and dotted line are two-leg ladder models with Jx = 715 K 
and J|| = 120K, and Jx = 655 K and Jy = 93K, respectively. 
Dashed line is trellis lattice model with Jx = 667 K, Jy = 88 K, 
and ,/' = 100 K. Small circle and large square are experimental 
results of magnetic susceptibility and NMR shift at the V sites, 
respectively.^''-' 



4.-4 Magnetic susceptibility 

Onoda and Nishiguchi reported^^^ that the measured 
susceptibility could be fitted by the dimer model with 
Jj_ = 664 K 

However, our experimental result^^^ cannot be fitted in 
the whole temperature range with g = 1.957 measured 
by ESR.^^' This suggests that we need to consider inter- 
dimer couplings J|| and J'. In this section we compare 
the low-temperature susceptibility with the result of the 
strong-coupling expansion to check whether it can de- 
scribe the temperature dependence of both the suscepti- 
bility and 1/Ti consistently. 

Troyer et al. gave an expression for the susceptibility 
of the two- leg ladder near the strong-coupling limit 

' T l + 3z(f3y ^ ' 



eluding J' and obtain good fits to the data with < 
l^^'l S 150 K. The inter-ladder coupling affects 1/Ti only 
weakly in this range of J'; we can reproduce 1/Ti with 
similar values of J± and Jy even when J' changes. For 
example, J_i = 667 K and Jy = 88 K for |J'| 100 
K, and J± = 677 K and 81 K for |J'| = 150 K. 

1 /Ti for these sets of exchange parameters is shown in 
Fig. 6; the difference is very small. Miyahara et al. calcu- 
lated high temperature susceptibility by quantum Monte 
Carlo simulation and obtained an estimate J± ^ 670 K, 
< ^11 < 200 K, and J' + J|| - 110 K. Their estimate 
agrees with our analysis of l/Ti. For |J'| > 150 K, we 
found no range of J± and J|| which reproduces the data. 



z{f3) = — dk e-'^'" (4.8) 

= de p{€)e-f^"'. (4.9) 
Jo 

This expression is correct in both low and high tempera- 
ture limits. For the cosine dispersion eq. (3.7), we obtain 

z(/3) = e-^-^-/o(/3J||), (4.10) 

where Iq{x) is the modified Bessel function of the first 
kind and the susceptibility is given by eq. (4.7). Similarly 
we can calculate the siisccptibility numerically for the 
trellis lattice including the inter-ladder coupling J' from 
eqs. (4.7) and (4.9) using the magnon density p{e). 
In Fig. 7 we show the experimental susceptibility. To 
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compare it to the theory, we have to obtain the spin sus- 

ceptibiHty by subtracting the temperature-independent 
offset of the orbital and diamagnetic susceptibihties and 
magnetic impurity contributions (Curie tail). Since 
the experimental susceptibility is almost temperature- 
independent between 30 and 70 K, the susceptibility in 
this temperature range is a possible estimate of the sum 
of the orbital and diamagnetic susceptibilities. Then 
the increase below 30 K in decreasing temperature is 
attributed to impurity contributions. Since NMR shift 
is insensitive to such impurities, we can check if the ob- 
served temperature dependence of the susceptibility is 
intrinsic by comparing the susceptibility and the NMR 
shift. Wc plot the NMR shift at V sitcs^s) in Fig. 7. It is 
found that the NMR shift fits to the susceptibility well 
down to 40 K and that it is temperature-independent 
down to 20 K. From this fitting we found that the ob- 
served temperature dependence above ~ 50 K is intrinsic 
of the spin susceptibility and that the Curie tail is negli- 
gible above about 40 K. We thereby obtain an estimate 
of the sum of the orbital and diamagnetic susceptibilities 
~ 7.7x 10^"'' cmu/molV. Although the K-x plot indicates 
that this 'residual susceptibility' is too large, ^^'^^^ we use 
this estimate in the following analysis since we have no 
other reliable estimates. 

We first calculate the susceptibility for the exchange 
parameters obtained from the analysis of 1/Ti; for the 
two-l(;g ladder model J± = 655 K and J|| = 93K, and 
for the trellis lattice model J±_ = 667 K, J|| = 88 K, and 
J' = 100 K. These parameters cannot reproduce the ex- 
perimental susceptibility as shown in Fig. 7. Instead we 
can reproduce the low temperature susceptibility below 
200 K with Jx = 715 K and J|| = 120 K for the two- 
leg ladder model. The inter-ladder coupling J' affects the 
susceptibility only weakly and does not eliminate the dis- 
agreement between the exchange parameters from 1/Ti 
and the susceptibility: for example we obtain almost the 
same temperature dependence with the parameters Jj_ = 
720 K, J|| = 120 K, J' = 100 K. These results suggest 
the energy gap of A ~ 600 K. The previous result of 
the NMR shift A ~ 460 K is an underestimate due to 
the large experimental error in the NMR shift measure- 



ment 
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We thus found a discrepancy between the exchange 
parameters from 1/Ti and the susceptibility. This may 
be reduced by i) a 1/Ti calculation with higher-order of 
J\\/J±, ii) consideration of the off-diagonal part of the 
hyperfine interaction which was neglected, iii) a reliable 
estimate of the spin susceptibility, but we have no con- 
vincing explanations at present. 

§5. Conclusions 

We measured 1 /Ti at the V sites in the two- leg ladder 
antiferromagnet CaV205. We calculated 1/Ti for the 
two-leg ladder with the strong-coupling expansion {J± » 
J||) within an independent magnon approximation, and 
compared the result with the experimental data. The 
comparison of the temperature dependence shows a good 
agreement and provides an estimate of both J± ~ 655(5) 
K and ^ 93(5) K as well as the energy gap A ~ 562(5) 
K; the anisotropic exchange interactions J± Ju was 



established. The magnetic field dependence of 1/Ti is 

also reproduced within this approximation below 150 K 
~ A/4. It is found that the magnon-magnon collision 
is negligible in this temperature range. We also studied 
the effect of inter-ladder coupling J'. It is found that 
J' influences 1/Ti only weakly and is in the range < 
|J'| < 150 K. 

Wc also calculated the magnetic susceptibility and 
compared with the previous experimental data. A 
discrepancy between the exchange parameters deduced 
from the magnetic susceptibility and 1/Ti is found, al- 
though 1 /Ti can be satisfactorily understood within our 
calculation with the strong-coupling expansion. 
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